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$S\subset J^{k}(M, N)$ . $N=M$ , $S\subset J^{k}(M, M)$
.
1.1 $M$ pseudogroup $\mathcal{G}$ Lie pseudogroup
, PDE $S\subset J^{k}(M, M)$ . $\mathcal{G}$ , $S$
. $\mathcal{G}$ $M$ Lie pseudogroup , $S$ Lie pseudogroup $\mathcal{G}$
.
, Lie Cartan .
pseudogroup , Lie pseudogroup ,
.
1.1 (Lie) $\mathcal{G}=\{fxf\in Diff(M\cross M)|f\in Diff(M)\}$ pseudogroup ,
Lie pseudogroup .
1.2 (Cartan) $\mathcal{G}$ Lie pseudogoup . 1 $x_{0}\in M$ $\mathcal{G}_{\Phi_{0}}=\{g\in \mathcal{G}|$
$G(x_{0})=x_{0}\}$ pseudogroup , Lie pseudogroup .
.
1.2 Lie Pseudogroup $\mathcal{G}$ , ,
, .
, .
Lie , , Lie pseudogroup
Lie .
1.3 ( , Chevalley ) Lie Lie pseudogroup
.
1.4 (Lie) $Diff(S^{1})$ Lie pseudogroup , , 1
$PSL(2,\mathbb{R})$ Lie pseudogoup , Lie pseudogroup
.
1.3 ([Ca37], p.1360) Lie pseudogroup $\mathcal{G}$ (Cartan ) ,
1 PDE .
2 , ,
Lie pseudogroup , pseudogroup , $M$
, (Lie groupoid ,)
.
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2. 1 $M_{i}(i=1,2)$ 2 $\circ$ Lie pseudogroup $g_{1},$ $\mathcal{G}_{2}$ ,
$\phi$ : $M_{1}arrow M_{2}$ , $j^{k}(\phi)(S_{1})=S_{2}$ .
22 $([Ca04], p.184)\pi$ : $\overline{M}arrow M$ . $\overline{M}$
Lie pseudogroup $\hat{\mathcal{G}}$ $M$ Lie pseudogroup $\mathcal{G}$




$\pi!(g)=id$. $\Rightarrow$ $g=id$. (2)
. $\hat{\mathcal{G}}$ $\mathcal{G}$ (holo\’edrique) . (2)
$(m6ri6drique)$ .
. [Ku59-61][LR98] [LROO] isomorphic prolongation ,
[St] one-to-one prolongation .
[KS88, $P$ .112] .
2.3 2 Lie pseudogroup $\mathcal{G}_{i}$ ( )
, $g_{j}\wedge$ , .




. Lie pseudogroup ( Lie ) $\mathcal{G}_{i}$ , $0$




$G_{1}=\{X=x+a, Y=y+f(x), \}\subset Diff(\mathbb{R}_{xy}^{3})$
$G_{2}=\{X=x+a, Z=z+f’(x)\}\subset Diff(\mathbb{R}_{xz}^{3})$
Lie pseudogroup . , $G_{0}$
$\frac{\partial X}{\partial x}=1,$ $\frac{\partial X}{\partial y}=0,$ $\frac{\partial X}{\partial z}=0,$ $\frac{\partial Y}{\partial y}=1,$ $\frac{\partial Y}{\partial z}=0$ ,
$\frac{\partial Z}{\partial y}=0,$ $\frac{\partial Z}{\partial z}=1,$ $\frac{\partial(Y-y)}{\partial x}=Z-z$
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. , $G_{0}$ $G_{1}$ , $G_{0}$ $G_{2}$
. , $G_{1}$ $G_{2}$ . , $G_{1}$
$G_{2}$ , , .
, Lie pseudogroup
.




2.6 ([Ca05]P.284) Lie pseudogroup $\mathcal{G}$ , ( )
Lie pseudogroup , . ,
. Lie pseudogroup $\mathcal{G}$
, ( ) Lie pseudogroup
. Lie pseudogroup $\mathcal{G}$ ,
Lie pseudo’oup ,
Lie pseudogoup .
Cartan [Ca08] , Lie pseudogroup ,
.
3 ,
3.1 $\mathcal{G}$ $M$ Lie pseudogroup . $\mathcal{G}$ (transitive)
, $x\in M$ , $U\ni x$ , $y\in U$
, $g(x)=y$ $g\in \mathcal{G}$ .
3.1 (2.1) $\mathbb{R}^{3}$ Lie pseudogroup $G_{0},$ $\mathbb{R}^{2}$ Lie pseudogroup $G_{t}(i=1,2)$
.
Lie pseudogroup .
3.2 $\mathcal{G}$ $M$ Lie pseudogroup . $\mathcal{G}$
, $\mathcal{G}$ $M$ (hobenius ) .
.






. , $\mu,$ $\Omega_{n},$ $\omega_{n}$ , , .
$Diff(\mathbb{R}^{n}),$ $SDiff(\mu),$ $\mathbb{R}\cdot SDiff(\mu),$ $Sp(\Omega_{n}),$ $\mathbb{R}\cdot Sp(\Omega_{\mathfrak{n}}),$ $Ct(\omega_{n})$ (3)
4 Cartan Lie
Cartan Lie pseudogroup 3 Lie .
1 [ 1 ] Lie pseudogoup (1 PDE ) Lie
pseudogroup $\mathcal{G}$ . $\mathcal{G}$ $x_{1},$ $\ldots$ , $x_{n}$ $n$
$M$ , .
1. $h(\leq n)$ $M$ ( ) $I^{1}(x),$ $\ldots,$ $I^{h}(x)$ ,
2. $x=$ $(x_{1}, \ldots, x_{\mathfrak{n}})$ $y=(y_{1},$ $\ldots,$ $y$ $n$ $M$
1 1- ’(x, $y$).
. $\mathcal{G}$ ( ) Lie $\omega^{i}$ $x,$ $y$ . $\mathcal{G}$ ,
$I^{j}(x)$ $(h=0)$ .
2( 2 ) 1- $\omega^{i}(x, y)$ .
$d \omega=\frac{1}{2}\sum_{j,k=1}^{n}c_{jk}^{i}\dot{d}\wedge\omega^{k}+\sum_{j=1}^{n}\sum_{l=1}^{p}a_{jl}^{1}w^{j}\wedge\pi^{l}$ . (4)
$\pi^{l}$ $dy_{k}$ 1- , $c_{jk}^{i},$ $a_{jl}^{i}$ , $I^{l}(x)$
$\mathcal{G}$ .
. $a_{jk}^{1}$ $I^{1}(x),$ $\ldots$ , $I^{h}(x)$ . $\mathcal{G}$ ( ) Lie $a_{jl}^{i}$
. $\mathcal{G}$ , $c_{jt}^{i},$ $a_{jt}^{1}$ .
3( 3 ) $c_{jl}^{1},$ $a_{jl}^{1}$ , (4)
Lie pseudogroup .
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55.1 ([Ca37] p.1344, $[St]p.388$) $\mathbb{R}^{1}$ Lie pseudogroup
$\mathcal{G}=\{X=ax+b|a,b\in \mathbb{R}\}$ (5)
. , $\frac{d^{2}X}{dx^{2}}=0$ 2 0DE . $J^{2}(1,1)$ $(x,X,p=$
$\frac{dX}{dx},$ $q= \frac{dp}{dx}$ ) $S=\{q=0\}\subset J^{2}(1,1)$ . ODE , (X, $p$) $\mapsto$
$(X, P)$ $J^{0}(2,2)$ , 1 PDE
$\tilde{S}=\{X_{x}=p, X_{p}=0, P_{x}=0, P_{p}=0\}\subset I^{1}(2,2)$ (6)
. PDE . $J^{1}(2,2)$ $\tilde{S}$
,
$dX=pdx,$ $dP=0$ (7)
. $J^{1}(1,1)$ . $J^{0}(\mathbb{R}_{xp}^{2}, \mathbb{R}_{XP}^{2})$ , $dX$
. , 1 1 , $w^{1}=pdx$ .
.
$h^{1}=dp \wedge dx=pdx\wedge(-\frac{dp}{p})=\omega^{1}\wedge(-\frac{dp}{p})$ (8)
, 1 1 , $w^{2}=_{p}^{d_{f}}-\cdot$ .
$\omega^{1}=w^{1}\wedge\omega^{2}$ , $dw^{2}=0$ (9)
. , 1 Lie $A(1)=\mathbb{R}^{*}\kappa \mathbb{R}$ Lie
. , 1 ,
. $w^{i}$ $(x,p)rightarrow(X, P)$ ,
$PdX=pdx$, $\frac{dP}{P}=\frac{dp}{p}$ (10)
, $X=X(x)$ $P(x,p)=_{\overline{x}^{f}}(\overline{x)}$ . 2 ,
$\frac{dp}{p}=\frac{1}{P}dP=\frac{X’(x)}{p}\frac{X’(x)dp-pX’’(x)dx}{(X’(x)^{2}}=\frac{dp}{p}-\frac{X’’(x)}{X’(x)}dx$ . (11)
, $X”(x)=0$ . , $X=ax+b,$ $P=_{a}e$ . (X, $p$) $rightarrow$
(X, $P$) , 1 PDE
$(\begin{array}{ll}X_{x} X_{p}P_{x} P_{p}\end{array})=(\begin{array}{ll}zP 00\frac{P}{p} \end{array})$ (12)
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, $xrightarrow X=ax+b$ $(x,p)-\rangle$ $(X, P)$ ,
. $\mathcal{G}$ , Lie pseudogoup .
5.2 ([Ca37]P.1344, [St]P.389) $\mathbb{R}_{xy}^{2}$ Lie pseudogroup
$\mathcal{G}=\{X=x+ay, Y=y|a\in \mathbb{R}\}$ (13)
. $S$ , $0$ $Y=y$ 1 PDE
$(\begin{array}{ll}X_{x} X_{y}Y_{x} Y_{y}\end{array})=(_{0}^{1}$
$\frac{(X-x)}{\nu,1}$) (14)
. $J^{1}(2,2)$ $S$ ,
$dX=dx+ \frac{X-x}{y}dy$ , $dY=dy$ (15)
. , $X$ 1 , $X=0$ .
, 1 , $w^{1}=dx- \frac{x}{y}dy,$ $\omega^{2}=dy$ . , $d-\sim_{y}$
$- \frac{1}{y}w^{1}\wedge\omega^{2}$ ,
$1=- \frac{1}{y}\omega^{1}\wedge\omega^{2}$ , $h^{2}=0$ (16)
. $\frac{1}{y}$ $y$ . , 1
, . $y$ $w^{i}$ $(x, y)rightarrow(X, Y)$
,
$Y=y,$ $dX- \frac{X}{Y}dY=dx-\frac{x}{y}dy,$ $dY=dy$ (17)
, $d(X-x)= \frac{X}{Y}dY-\frac{x}{\nu}dy=\frac{X-x}{y}dy$ , $X-x$ $y$ , $X-x=f(y)$
. $f’(y)=_{y}^{\underline{f}\omega}$ . , $f(y)=ay,$ $a\in \mathbb{R}$ , 1
PDE Lie pseudogroup $X=x+ay,$ $Y=y$ .
5.3 ([Ca37] $p.1345$) $\mathbb{R}^{1}$ 1 Lie pseudogroup
$\mathcal{G}=\{X=\frac{ax+b}{cx+d}|a,b,c,d\in \mathbb{R}\}$ (18)
. $a,$ $b,$ $c,$ $d$ , $X’X”’- \frac{3}{2}(X’’)^{2}=0$ . 3
, $S= \{pr-\frac{3}{2}q^{2}=0\}\subset J^{3}(1,1)=\{(x, X,p, q, r)\}$ 3
. $J^{2}(1,1)$ ,
$dX=pdx$, $dp=qdx$, $dq=^{\underline{3}.\underline{q^{2}}}dx$ (19)2 $p$
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. ( $X,$ $dX$ -pdx ), 1
, $w^{1}=pdx$ . ,
$\ \prime^{1}=dp\wedge dx=\frac{dp-qdx}{p}\wedge pdx=\frac{dp-qdx}{p}\wedge w^{1}$ (20)
, $w^{2}$ $:= \frac{dp-qdx}{p}$ 1 . ,
$2_{=\frac{-pdq\wedge dx+qdp\wedge dx}{p^{2}}=}(- \frac{1}{p^{2}}dq+\frac{q}{p^{3}}dp)\wedge w^{1}$
$= \{-\frac{1}{p^{2}}(dq-\frac{3}{2}\frac{q^{2}}{p}dx)+\frac{q}{p^{3}}(dp-qdx)\}\wedge\omega^{1}$ (21)
,
$\omega^{3}:=-\frac{1}{p^{2}}(dq-\frac{3}{2}\frac{q^{2}}{p}dx)+\frac{q}{p^{3}}$(dp-qdx) $=- \frac{1}{p^{2}}dq+\frac{q}{p^{3}}dp+\frac{1}{2}\frac{q^{2}}{p^{3}}dx$ (22)
1 . , ,
1 $=\omega^{2}\wedge w^{3}$ , $M^{2}=\omega^{3}\wedge w^{1}$ , $h^{3}=\omega^{1}\wedge w^{2}$ (23)
. , Lie $SL(2, \mathbb{R})$ Lie . , 1
, . $PdX=$
$pdx(=w^{1})$ , $X=X(x)$ . $P= \frac{p}{X}$ . $\frac{dP-Qdx}{P}=\frac{dp-qdx}{p}(=w^{2})$
, $P= \frac{X’’}{(X)^{3}}+\frac{1}{(X)^{2}}p$ . $- \frac{1}{P^{2}}dQ+\frac{Q}{P^{3}}dP+\frac{1}{2}\frac{Q^{2}}{P^{3}}dX=-\frac{1}{p2}dq+\frac{q}{p3}dp+$
$\frac{1}{2}\frac{q^{2}}{ps}dx(=\omega^{3})$ , $X’X”’- \frac{3}{2}(X’’)^{2}=0$ , $X= \frac{ax+b}{cx+d}$ \mbox{\boldmath $\tau$}* .
5.4 ([Ca37] p.1346, [St] p.390) $\mathbb{R}_{xy}^{2}$ Lie pseudogroup
$\mathcal{G}=\{X=x+f(y), Y=y|f\in \mathcal{F}(\mathbb{R})\}$ (24)
. $S$ , $0$ $Y=y$ 1 PDE $X_{x}=1$ . $J^{1}(2,2)$
$S$ ,
$dX=dx+udy$ , $dY=dy$ , (25)
, $u\in \mathcal{F}(\mathbb{R}^{2})$ , 1 . , 1 ,




. , 1 ,
. $y$ $w^{i}$ $(x,y, u)rightarrow(X, Y, U)$ ,
$Y=y,$ $dX+UdY=dx+udy$ (27)
, $d(X-x)=(u-U)dy$, , $X-x=f(y)$ $f’(y)=u-U$ .
, $U=u-f’(y)$ . $\mathbb{R}_{xyu}^{3}$ Lie pseudogroup $\tilde{\mathcal{G}}$
$\tilde{\mathcal{G}}=\{X=x+f(y), Y=y, U=u-f’(y)|f\in \mathcal{F}(\mathbb{R})\}$ (28)
, 1 PDE . $\tilde{\mathcal{G}}$ $\mathcal{G}$
.
5.5 (Lie, [Ca37] p.1346) $\mathbb{R}_{x\nu}^{2}$ Lie pseudogroup
$\mathcal{G}=\{X=f(x),$ $Y=\frac{y}{f’(x)}|f\in \mathcal{F}(\mathbb{R})\}$ (29)
. $f’(x)= \frac{y}{Y}$ , $S$ , 1 PDE $X_{x}= \frac{y}{Y},$ $X_{\nu}=0,$ $Y_{y}=\frac{Y}{y}$
. $J^{1}(2,2)$ $S$ ,
$dX= \frac{y}{Y}dy$ , $d Y=udx+\frac{Y}{y}dy$ , (30)
, $u\in \mathcal{F}(\mathbb{R}^{2})$ . $Y=1$ , 1 , $w^{1}=ydy,$ $\omega^{2}=$
$udx+ \frac{1}{y}dy$ . ,
$h^{1}=\omega^{2}\wedge\omega^{1}$ , $h^{2}=w^{1}\wedge\pi$ , (31)
. , $\pi=-du\underline{1}$ . $\mathcal{G}$ , 1 PDE , , $\mathbb{R}^{1}$
Lie pseudogroup $\mathcal{G}_{1}^{y}=\{X=f(x)\}$ .
6
(i) Lie Pseudogroup Lie pseudogroup .
(ii) Lie Pseudogroup Lie pseudogoup .
(iii) 2 Lie pseudogroup ,
.






$G$ ( ) ( ) Lie , $g$ Lie .
$p$ , $\mathfrak{h}$ Cartan .
$\mathfrak{g}$ Dynkin ,
$P\subset G$ ( [Ya]). $\Delta=\{\alpha_{1}, \ldots, \alpha_{\ell}\}$ , $\Delta_{1}$
. $k\geq 0$ ,
$\Phi_{k}^{+}$
$\Phi_{k}^{+}=\{\alpha=\sum_{1=1}^{\ell}n_{i}\alpha_{i}|n_{i}>0,\sum_{\alpha.\cdot\in A_{1}}n_{i}=k\}$




, $\mathfrak{g}=\partial\oplus m$ . $\partial$ Lie $G$ Lie $P$ . $P$
. $G/P$ $\mathbb{R}$ , R-space .
$\Delta_{1}=\Delta$ , , $P$ Borel
. $G/P$ $G$ $K$ .
, $\Delta_{1}=\emptyset$ , , $P=G$ , $G/P$ 1 .
$G/P$ $K/(K\cap P)$ .
$P$ , $G/P$ .
$\rho:Parrow GL(m)$






$\alpha_{1}$ $\alpha_{2}$ $\alpha_{3}$ $\alpha_{n-2}$ $\alpha_{n-1}$ $\alpha_{\mathfrak{n}}$
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, $G/P_{12}=SO(n+1)/SO(n-1)\cong T_{1}(S^{n})$
, 2 $(n-1)$ . ( $P_{12}$ $\alpha_{1},$ $\alpha_{2}$
). , ,
, ( ).
$P^{n}$ , Grassman $Gr(n+1,2)$
2 2
.
. M. E. Fels .
2. $G=SL(n+1,\mathbb{R})$
$\vec{\alpha_{1}\alpha_{2}\alpha}_{3^{--------}}\overline{\alpha_{n-2}}\alpha_{n-1}^{O}\alpha_{\mathfrak{n}}-\bullet$
, $G/P_{1n}=SO(n+1)/SO(n-1)\cong T_{1}(S^{n})$ Legendre
Legendr . , [Tk]
Lagangean contact structure .
3. $G=SL(n+1,\mathbb{R})$
$\alpha----\cdot--------- 0$
$\alpha_{1}$ $\alpha_{k-1}$ $\alpha_{k}$ $\alpha_{k+1}$ $\alpha_{k+2}$ $\alpha_{n}$
, $G/P_{kk+1}=SO(n+1)/SO(k)xSO(n-k)$ , $S^{n}$ Grassmaa $Gr(n, k)$
, $k$ .
, [MS] co-Grassmann .
7.2 $B,$ $D$
4. $G=SO(2n-1,2)$
$B_{n}$ : $———\mapsto 0=0$
$\alpha_{1}$ $\alpha_{2}$ $\alpha_{3}$ $\alpha_{n-2}$ $\alpha_{n-1}$ $\alpha_{n}$
, $D_{n}$ $SO(2n-2,2)$ 2 Dynkin .





$\alpha_{1}$ $\alpha_{2}$ $\alpha_{3}$ $\alpha_{n-2}$ $\alpha_{n-1}$ $\alpha_{n}$
, $G/P_{n}=SO(n+1)xSO(n)/SO(n)\cong SO(n+1)$ , $S^{n}$
, $n$ . $n$
$D$ , , $\dim(D+[D, D])=\frac{\mathfrak{n}(\mathfrak{n}+1)}{2}$
$\frac{n(n+1)}{2}$ . $n=3$ ,
Bryant [Br] , Montgomery [Mon] $(3, 6)$ ,
.





$\alpha_{1}$ $\alpha_{2}$ $\alpha_{3}$ $\alpha_{n-2}$ $\alpha_{n-1}$ $\alpha_{n}$
, $G/P_{1n}=U(n)/SO(n-1)$ , $S^{2\mathfrak{n}-1}$ Legendre
. $S^{n}$ Legendre




$\alpha_{1}$ $\alpha_{2}$ $\alpha_{3}$ $\alpha_{\mathfrak{n}-2}$ $\alpha_{n-1}$ $\alpha_{n}$
, $G/P_{12}=U(n)/U(n-2)$ , $S^{2n-1}$
,
. , [OS] , Fox [Fo] ,
contact projective contact path $g\infty metry$ . [OS]
$n=2$ , [SOS] $n\geq 2$ Schwarz ,
. [$MS\eta$ contact path $g\infty metry$
. $2n+1$ $M$
$S_{c}(M)$ ($4n$ ) contact path structure , $M$ $S_{c}(M)$
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$\theta$
$\theta^{\perp}$ $S_{c}(M)$ 1 $\lambda$
.
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